Equivalence and other relations for dielectric media by Redheffer, Raymond M.
EQUIVALENCES AND OTHER RELATIONS
FOR DIELECTRIC MEDIA
R. M. REDHEFFER
TECHNICAL REPORT NO. 29
DECEMBER 1, 1946
RESEARCH LABORATORY OF ELECTRONICS
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
The research reported in this document was made possible
through support extended the Massachusetts Institute of Tech-
nology, Research Laboratory of Electronics, jointly by the Army
Signal Corps, the Navy Department (Office of Naval Research),
and the Army Air Forces (Air Materiel Command), under the
Signal Corps Contract No W-36-039 sc-32037.
MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Research Laboratory of Electronics
Technical Report No. 29 December 1, 1946
EQUIVALENCE AND OTHER RELATIONS FOR DIELECTRIC IEDIA
by
R. M. Redheffer
Abstract
By elementary methods a few properties are found for a dielec-
tric medium in which the parameters are arbitrary functions of one coordi-
nate. They are obtained as the limit of corresponding results for an
approximating pile of sheets, and the existence of this limit is proved
to be independent of the method of approximation. Equations are given
which relate the properties in gutide or at arbitrary incidence in free
space to those in free space at normal incidence. The effect of multi-
plying the dielectric constant and permeability by an arbitrary func-
tion of position is investigated. As a special case the reflection and
transmission coefficients are obtained for a lossless sheet in which these
parameters are linear functions with vanishing determinant. An appendix
is included in which, among other simple results, the reciprocity theorem
for dielectric media is proved without the use of network theory.
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3D;UIVALENCES AND OTHER ELATIONS FOR DIELECTRIC MEDIA
1. Introduction
With the increasing use of microwaves, one often requires a dielectric sheet, or
an array of sheets, which has pre-assigned transmission and reflection properties. Theo-
retical investigation of such questions is sometimes facilitated by equivalence theorems,
which allow a result for one configuration to be extended to a whole class of suitably
related configurations. Besides their use in theoretical work, equivalences have further
advantages for computation, particularly when graphical methods are used. After the
necessary equivalences are established, for example, one can often use, with arbitrary
incidence, a set of curves which were originally computed for normal incidence. Or again,
a graph originally intended for a symmetrical arrangement of sheets can sometimes be used
for asymmetrical arrangements. In the present report we describe a few equivalences of
this sort, some of which have been found quite helpful for computation.
Because of the increased importance of such configurations, particularly in
microwave work, the final results are given first for an arbitrary pile of sheets, and
then for the general case in which the dielectric constant , the permeability A., and the
conductivity o may be arbitrary functions of one co-ordinate. As fundamental variables
we choose the dimensionless quantities /o = e, , m, -/ = £ where w is the
angular frequency. The last expression, -/ew, is the so-called loss tangent of the
material often written as tan 8. With this quantity rather than a taken as the funda-
mental variable for loss, our equivalences will have a simpler form. To express the
functional dependence we write
C/Co = e(x)
4o 3= m(x) (1)
1/1w = l(X),
where it is assumed that each function is bounded and has at most a finite number of
discontinuities (Fig. 2). In addition we require that e, m, and A be non-negative and
that e(x)m(x)> 8 for some positive 8.
The general procedure followed in this article is first to derive the results
for an arbitrary pile of dielectric sheets, and then to obtain the corresponding results
for the more general case of Fig. 2 by passing to the limit. The validity of this process
is insured by a theorem proved in the next section. We note that the arrangement of
Fig. 1 is completely equivalent to an arrangement of the type shown in Fig. 2 for which all
functions (1) are step-functions. Conversely, if these functions are step-functions (not
necessarily with their jumps at corresponding points), then the arrangement of Fig. 2 is
always equivalent to an arrangement of the type shown in Fig. 1.
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Figure 1. A general array of n dielectric sheets. When such an arrangement
is used to approximate the medium in Fig. 2 we define ek, mk, k
by the relations ek e(k) mk = m(), k = () where ~k' k
and k are between xk 1 and xk.
Almost all the results here given are obtainedby noting that certain changes
in the boundary conditions, when coupled with certain other changes in electrical thickness,
will leave the electrical behavior invariant. In a dielectric sheet, for example, one can
obtain the same transmission and reflection properties by many choices of interface
reflection, propagation constant, or thickness, provided these quantities satisfy suitable
relations after alteration. The relations in question are specified by Eqs. (7) - (9) of
the present report, which will be seen to lead more or less immediately to the other
results,
The questions with which we are concerned can be dealt with by methods different
from those used here. For example, one can employ impedance in the usual manner to relate
the field at one point to its value at a point further along in the direction of propaga-
tion. With this procedure the equivalences mentioned above state that the total normalized
impedance is unchanged by certain changes in the terminating impedance and in the electri-
cal separation of the boundaries, provided that these quantities, when changed, satisfy
suitable relations. The present results could be derived from considerations of this
sort. Another method is to resolve the field into two elementary waves at each point, and
to satisfy the boundary conditions by superposition. Still another method is to set up
.
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the differential equations immediately for the general array of Fig. 1, and to find the
transformations under which the solutions are invariant. Of course these methods, funda-
mentally, are all equivalent. For carrying out the details of the derivation, however, the
method used here appears to be the most convenient.
XO X Xt X ) )I XK X. X, Xn
Figure 2. A dielectric medium in which the parameters
are continuous functions of one co-ordinate.
2. reliminary Result
The configuration shown in Fig. 2 is to be regarded as a limit of configurations
of the type shown in Fig. 1. It is clear that the limit-process may be carried out in
many ways; provided only that the maximum thickness xk - xk_1 in ig. 1 tends to zero, the
limiting form of the arrangement there shown will always be of the proper type, regardless
of one's method of subdivision or of one's choice of the intermediate -points. As in the
theory of the Riemann integral, to which the present problem has a superficial resemblance,
-3-
we are naturally led to inquire first, whether the transmission and reflection will tend
to a limit for every sequence which tends to Fig. 2; and second, whether the limits
obtained by two such sequences will always be the same. These questions, which are
readily seen to be equivalent, are answered by the following:
i. Suppose we construct a group of sheets, as shown in Fig. 1;
'then another group; then a third; and so on. If the maximum
thickness xk - xk 1 in a given group tends to zero as we
proceed in order from one group to the next, and if ek,
mk, are determined as indicated in Fig. 2, then the
transmission and reflection coefficients of the succes-
sive groups will always tend to a unique limit.
This result is a consequence of a number of simpler ones, which we proceed to
examine. In the first place, the reflection of a thin sheet, placed in an arbitrary
medium, is of the order of magnitude of its thickness d, when the thickness is sufficiently
small; and it is bounded for all values of the thickness. We may write, therefore,
Ir a Mod (2)
where Mo is some constant depending on the parameters of the sheet and of the medium in
which it is placed. If these parameters satisfy the requirements specified for the func-
tions (1), then M is always finite. A similar relation is true for l-tl, if t is the
transmission.
Next, suppose that a sheet with reflection r and transmission t is followed by a
group of sheets with over-all reflection r. If the reflection r is changed to r* and the
transmission t to t , then the change in reflection and transmission for the whole
arrangement cannot exceed, respectively,
Ir - r + t - t M2
t - tI l
In these expressions the quantities M, M2 may be chosen as absolute constants if all
relevant reflections are less than 1-8 in absolute value, for some positive 8. This latter
condition is always satisfied here, in view of the conditions noted above. An expression
similar to (3) is obtained if the variable sheet is preceded rather than followed by a
group of sheets; and combining these two results we find that the change in transmission
and reflection is bounded by expressions similar to (3) if the variable sheet with reflec-
tion r or r*, t or t, is both preceded and followed by a group of sheets. These results
follow by combining well-known relationsa with equations similar to (17).
To prove the theorem, let us note that it suffices to consider continuous func-
tions (1) only. This is true because each function has at most a finite number of dis-
continuities, and hence the range of x can be separated into a finite number of intervals
1. J. A. Stratton, EZlectromagnetic Theory", McGraw-Hill, New York, 1941, Chaps. V, IX.
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throughout which each of the three functions is continuous. Now if the required result is
established for each interval of this type, it must also be true for the arrangement as a
whole, as we see by applying equations similar to (17) to the separate parts.
Assume, then, that the functions are continuous (and hence uniformly continuous).
As the maximum thickness xk - xk1 tends to zero in Fig. l,the three step-functions
determined by the parameters ek, mk, £k will necessarily tend uniformly to the functions
(1), regardless of our choice of the -points. It follows that any two corresponding
step-functions obtained for groups of sheets sufficiently far out in our sequence will
differ by less than /2, say, from the corresponding continuous function; and hence these
step-functions will differ by less than qJ from one another (Fig. 3).
If we draw subdividing lines as shown, the arrangement of Fig. 3 is converted
Figure 3. Approximating step-functions for one subdivision (e, m, £) together
with those of another(e', m', £'). The maximum difference between
e and et, m and ml, l and t is assumed i.
-5-
into two piles of sheets, the sheets in one pile having the same thickness as those in the
other, but slightly different parameters. Our aim is to show that the difference in
transmission and reflection for these two piles must always tend to zero with max(xk -xk_1 )
even when the number of sheets in each pile tends to infinity (as it generally does in the
present case). To this end let us note that the reflection and the difference between the
transmission and unity for the kth sheet cannot exceed (xk - xk 1 ) M3 by (2), where 3
may be selected independently of k and of the manner of subdivision because e(x), m(x),
£(x), l/e(x), l/m(x), are all bounded. The change in over-all reflection due to the smal
change ) of parameters in the kth sheet cannot exceed ( k - xik 1c) M3 )1 therefore, where 1
tends to zero with 7 because the reflection of every sheet is a continuous function of all
the parameters. Hence the total change in reflection due to the change of parameters in
all the sheets cannot exceed
n
E Tim- xk-1) M3'1 = ( - o ) 3 1, (4)
which tends to zero. A completely analogous discussion may be given for transmission.
We have proved that the difference in transmission or reflection for any two
arrangements of the type shown in Fig. 1 will be as small as we please if the arrange-
ments are sufficiently far out in the sequence. By the Cauchy convergence criterion it
follows that the transmission and reflection tend to unique limits, as stated, The proof
is essentially unchanged for arbitrary incidence or for waveguide, provided the condition
e(x)m(x) a6 is replaced by e(x)m(x)-sin20 8 or by e(x)m(x)-(X/kX) 8.
It may be observed that Fig. 3 is presented in a somewhat more general form
than is required for the proof of (i). The points of subdivision would actually be the
same for the three functions e,£ , m, and also the same for e, , m . With the more
general figure, however, the above proof can be used without essential modification to
establish a generalization of (i), in which one subdivision x is used in constructing the
approximating function for e(x), a second subdivision xi for m(x), and a third for
£(x). By this extension of (i), which will not be required in the ensuing discussion, the
existence of the limit is perhaps established in the most general circumstances possible.
In every case the unique limit approached in Theorem (i) will be defined (for
the purposes of the present investigation) as the transmission or reflection coefficient
of the corresponding dielectric medium with continuous variation of parameters. That the
coefficients thus defined will be identical with those obtained by direct solution of
Maxwellts equations is made plausible by the properties of differential equations; 1 it
would be too great a digression, however, to attempt a rigorous proof here.
3. Equivalences with Constant Thickness
We shall replace the array of Fig. 1 by related arrays which have certain
prescribed properties, and then obtain the final result by passing to the limit. It
1. For such an investigation it might be necessary to assure differentiality as well as
continuity.
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turns out that this program can be carried out most easily when corresponding sheets in
the two arrays have the same thickness. As an introduction to the more general theorems
to be considered later, we therefore confine our attention, at first, to equivalences in
which this condition is satisfied. An introductory equivalence of this sort is the
following, which is the analogue, for continuous variation of parameters, of a well-known
result on dielectric sheets:
ii. Suppose we place the dielectric medium of Fig. 2 in a loss-
less waveguide which is propagating a single mode with cut-
off wavelength Xc
.
Then the complex coefficients, as
measured at normal incidence in this waveguide, will be the
1
same as those obtained for the medium in free space, at an
angle of incidence Q - sin ' 1 /c/X If the field in the
guide is T, the equivalence is found for polarization per-
pendicular to the plane of incidence in free space; but if
the field is TM, the polarization in free space must be
parallel.
For the special case of a rectangular guide this result is made intuitively
plausible, at least for the TE case, by the well-known plane-wave resolution of the
incident wave. A rigorous proof in general may be obtained by the result of the last
section. Thus, the statement (ii) is easily seen to be valid with every arrangement of
the type shown in Fig. 1, for the over-all properties are completely determined by the
complex reflection coefficients of each interface, together with the electrical distance
between each pair of adjacent interfaces. It is a simple matter to show that these
fundamental quantities are the same in the two cases considered in the theorem, and thus
the result is established for any finite number of homogeneous dielectric sheets. Since
the coefficients in Fig. 2 are defined as the limits approached by corresponding coef-
ficients in Fig. 1, the proof is complete.
Because of (ii), each of the following results for arbitrary incidence is
equally valid for waveguide. It suffices to replace (5) by the relations
c = - (XIc)
s = X/xc
and to interpret the phrase "parallel polarization" as meaning a TM field, with "per-
pendicular polarization" representing the TE case.
In practical work it is frequently desirable to investigate transmission and
reflection properties at incidence other than normal. The normal incidence equations are
-7-
1. In the present text this phrase means that the transmission coefficients in either
direction, the reflection coefficients in either direction, and all associated phase
shifts are the same in the one case a in the other.
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much simpler in form than those for arbitrary incidence, and hence one is led to inquire
whether they can ever be used, with minor modifications, for the general case. Such a
question is particularly natural when graphical methods are contemplated, as a complete
set of curves for normal incidence will contain one less parameter than those needed when
the incidence is arbitrary. There is a definite need, then, for an equivalence which,
unlike the one ust stated, will relate the properties at arbitrary incidence to those for
normal incidence. Defining variables c and s as the cosine and sine of the angle of
incidence,
a = cos 0
(5)
s = sin G0o,
we find that this need is partially met by the following:
iii. In the medium of Fig. 2 the thickness is d and the
(normalized) dielectric constant, permeability,and loss
are respectively (x), m(x),and O(x). If we construct a
new dielectric medium with parameters d', e'(x), m(x),
and '(x) given by
d= d
(X) _ e(x)mix) - a2e (x)= cm(x)
(6)
ml(x) - cm(x)
£(x)= e(x)m(x) (x)2
e(x)m(x) -
then the complex coefficients of this new medium at
normal incidence will be the same as those of the
original medium with perpendicular polarization and
incidence 0 .
The result is established in a manner similar to that used for (ii). In
Fig. 1 let Kk be the propagation constant of the kth sheet, end let K be the propaga.
tion constant of free space. The electrical thickness is given by Dk = dkIk. If we
construct a new pile of sheets with electrical thickness
Di k = digk -2 _ K 2 (7)
and with permeability and propagation constant satisfying the relations
m'k ;2 
Ik mk Kk- ;
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or
Klk 2 K 2 2
b: o (9)
mlk mkc
according as the polarization is in the plane of incidence or perpendicular to it, then
the transmission coefficients in either direction, the reflection coefficients in either
direction and the associated phase shifts will be the same with the new pile of sheets at
normal incidence as they were with the original pile at incidence go. This is a simple
consequence of relations given explicitly in Ref. 1, when coupled with the above remarks
on the determinative role of interface reflection and electrical thickness.
In terms of the variables here taken as fundamental,the propagation constant K
is given by (Ref. 1)
, me(l + is) (10)
which may be used to obtain equivalences similar to the above but containing real
parameters only. For perpendicular polarization one finds from (7) and (9) that the new
parameters d, e, m, Sl are given in terms of the original ones by
m'd' = mdc
2
el/m = em -
22
m c (11)
em£
2
em - s
where for simplicity we have omitted the subscript k.
When the polarization is parallel, on the other hand, it may be shown that d,
22
the new value of d, will be real if and only if s8 = O. Because the extension to the
continuous case can be conveniently carried out only when d is real, we assume the loss
to be so small that its square may be neglected, in which case Eqs. (7), (8) take the
form
2
mldl = d em -
ec
22
el/m = c 2
em - s (12)
2
em - 22
em -
Setting d = d in (11) and specifying the kth sheet by its position rather than by its
number, we obtain (iii) after passing to the limit. By a similar process (12) gives:
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iv. If we replace a medium with parameters e(x), m(x), (x) by
a new medium with parameters el(x), m'(x), £1(x) determined
from the equations
el(x) = ce(x)
m'(x) e(x)m(x) - 2
m' ce(x) (13)
'(x) = ,(x ( x)e( )m ( x ) 22
e(x)m(x) - s
then, within terms of the order of 2 (x), the complex coef-
ficients of this new medium at normal incidence will be the
same as those of the original medium with parallel polariza-
tion and incidence . In particular, the equivalence is true
without approximation whenever the loss is zero.
By comparing the relations (6) and (13) we find the following simple results,
which may also be derived from first principles:
v. Given a medium in which the parameters are, as usual, e(x),
m(x), £(x),we may interchange the permeability and dielectric
constants to obtain a new medium with parameters e(x)=m(x),
ml(x)=e(x), '(x)=£(x). Then, except for terms of the order
of 2 and ts2, the complex coefficients will be the same for
the new medium at parallel polarization as for the original
medium at perpendicular polarization. If the loss is zero,
in particular, interchanging the permeability and dielectric
constants has the same effect as interchanging the polariza-
tions; and hence it has no effect when the incidence is
normal.
4. Euivalences in Which the Thickness is Changed
In the foregoing discussion the condition d=d k was added to Eqs. (11), (12),
and the special equivalences so obtained were then extended to the continuous case. A
different initial condition would have led to different results; for example, by
requiring that =mk, and determining the other parameters accordingly, one obtains the
following:
vi. Starting with parameters d, e(x), m(x), (x), one can con-
struct a new medium with parameters
d = cd
2
e(x)= lcm(x/c) -s
c m(x/c)
-10-
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ml(x) = m(x/c)
'1(X) - e(xo)m(xIC)&(z!c)
e(x/c)m(x/c) - s
The complex coefficients of this new medium at normal
incidence will be the same as those of the original medium
with perpendicular polarization at incidence 0 .
This result is of interest for two reasons. First, the permeability of most
materials differs by a negligible amount from that of free space; and hence equivalences
not requiring that its value be changed have especial significance. In particular, an
equation or graph which assumes m=l, so that this variable does not appear explicitly,
may still be used if the equivalence is presented in the form (vi).
A second feature of the result (vi) is that the new value of dk, though not
equal to the original value, differs from it only by a constant factor. For this reason
the argument of each new function is simply related to the argument of the original
functions, and no integrals are required. It is easily seen from Eq. (11) that the condi-
tions d/d=constant or m'/m=constant are the only ones for which this desirable behavior
is obtained. An example of the first condition is represented by (iii) and (iv), and an
example of the second is given in (vi). It is to be noted, incidentally, that the
analogue of (vi) for parallel polarization will be more complicated (in fact, as compli-
cated as the general case to be considered below) on account of the inconvenient form
of (12).
It has been observed that Eqs. (11) and (12) contain one more variable than is
required for a unique solution. More specifically, any one of the quantities e, ml, d'
may be specified beforehand as a function of x, and the equations then solved for the
remaining quantities. It is natural to inquire whether a more general equivalence could
be obtained by leaving the specification in functional form; instead of requiring that
d'=d, or that m'=m, as above, we may set d(x)=f(x), or m(x)=f(x), where f is an arbitrary
function. These more general equivalences are conveniently treated by means of the fol-
lowing theorem.
vii. Suppose we are given a sheet of total thickness d with
parameters e(x), m(x), (x). Let f(x) be any function
which has at most a finite number of discontinuities and
satisfies the inequalities M f(x))8 for some positive
M,8 in the interval 0 x d. Define g(x) as the function
inverse to dy/f(y). If we now construct a new sheet
with parameters given by
(i)= Igg) (14)
-11-
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ml(x) = f g(x m g(x14
(14)
£(x) = [g(x)]
then the complex coefficients at normal incidence will be
the same for the new sheet as for the original one.
This result follows from two simple observations. In the first place,when the
thickness is variable, the position of the kth sheet in the new array will no longer cor-
respond with the position of the kth sheet in the original array. Its distance from the
left-hand end, however, is given by d; and this becomes an integral for the continuous
case.
Next, let us note that a pile of sheets with parameters dk, e mk, k will have
the same reflection and transmission properties, at normal incidence, as a similar pile
with parameters dk/fk, fkek. fi k. The k may be any set of numbers satisfying the
condition M 7fk ,>6 for some positive M and . This result is obtained in the same way as
those of a similar character which we have considered previously. By combining it with
the observations of the preceding paragraph and passing to the limit, we obtain the theorem.
The restrictions on f(x) insure that the integral will exist and be a strictly
increasing function of its upper limit; hence the inverse function g(x) is always well
defined in the interval O x d'. It may be observed too that a change of variable, or
a slightly different approach in the original derivation, will give a similar theorem
involving the derivative rather than the integral.
The result ust stated (vii) differs from the others in that it contains an
arbitrary function f(x). Instead of relating the behavior of the same medium in dif-
ferent circumstances, as heretofore, we are now relating the behavior of different media
in the same circumstances, namely, in free space at normal incidence. As an example of
the theorem we may take the special case f(x) = ia+bx/, m(x)=m, e(x)=e, £ (x)-O to obtain
the following result on a sheet with linear variation of parameters:
viii. Suppose the dielectric constant and permeability of a
lossless sheet vary linearly with position, so that
we have
e(x) A x/ + B
(15)
m(x) C X/ + D
where A, B, C, D are constants which, for simplicity,
will be assumed greater than zero. If any three of
these constants are chosen arbitrarily and the fourth
is so determined that
AB o0, (16)
D
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then the power transmission coefficient of the
dielectric sheet at normal incidence will be given
by
2 4 AC
T2 =_
(Ac)2sin 2 L 7A (d/x)2 + (d/X) (B/2)qA/ + 4AC
where d is its total thiclIess. The power reflection
is of course equal to 1-T .
Returning now to the question of arbitrary incidence, we recall that the equiv-
alences were expressed in terms of a new medium at normal incidence. The result (vii) may
be applied to this new medium, and it is instructive to investigate the relations so
obtained. By actually carrying out the calculations and comparing the algebraic forms in
each case, we find the following, which completes the discussion of arbitrary incidence:
ix. Every equivalence which can be obtained by picking an
arbitrary function for e, m, or d in Eqs. (11) or
(12), and by determining the other functions accord-
ingly, may also be obtained by using either (iii) or
(iv) as it stands, and following this by (vii) with an
appropriate choice of f(x).
IltllY·8*--·l·l···II I ----s  ---
Arnendix
A Reciprocity Theorem. We add a few results which may also be interpreted as equivalences,
but which differ from the foregoing in that they make no explicit reference to the param-
eters e, m, . First, an elementary proof is given for the following well-known theorem:
x. In any arrangement of the type shown in Pig. 2, the complex
transmission coefficient from left to right equals the
complex transmission coefficient from right to left.
Let us note that the result is certainly true for a homogeneous dielectric
sheet, since such a sheet is symmetrical. Suppose that the result is true for k sheets,
so that we have Tk = T k in Fig. 4, and then add one more sheet, as shown in the figure.X k
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Figure 4. A group of k dielectric sheets, with over-all coefficients
Pk' Tk' k for the group considered as a whole, plus a
single sheet with coefficients t, r, all at incidence 0.
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It is easy to prove1 that the over-all transmission of such an arrangement from left to
right is
2nio /k
t Tk e
Tkl 4nick/X (17)
1- rk e
and that te transmission from right to left is
2Ticd /x
T t ik (18)
1 - r e
By hypothesis, however, we have Tk =T k Hence T1 kl and the induction is complete.
We have shown that the right-and left-hnud transmission coefficients are equal
for every arrangement of the type shown in Fig. 4. Since the general situation of Fig. 2
is obtained as a limiting form of such configurations, and since equality in each term of
two sequences implies equality in the limits, the desired result is established. Instead
of using arbitrary incidence directly, it may be observed that one could establish the
result for normal incidence and then use Sec. 3.
A Note on Optimum Spacing. In practical work it is frequently necessary to space two
dielectric media in such a way that the over-all transmission is maximum. When the proper
values for a given situation are obtained graphically, it is sometimes convenient to
assume that the two media are mirror images of each other, as shown in Fig. 5b, c. Graphs
in which this assumption is made suffice for all cases, as we see by the following result:
xi. Let x be the optimum spacing for two arbitrary media
separated by a homogeneous lossless dielectric, while y
and z are the optimum values of the spacings for symmetri-
cal arrangements composed of the first and second medium,
respectively, separated by the same lossless dielectric
(see Fig. 4). If the same value of n is used for y as for
z in the corresponding forms of Eq. (19) or if the sum of
the values is even, then x will be equal to the arithmetic
mean of y and z, x(y+z)/2.
Although this equivalence relation is rather trivial, it is included neverthe-
less because it has been found quite helpful in practical work. To prove it, we obtain
the analogue of (17) for two arbitrary media. From this equation the optimum spacing
x is readily found to be
1. This result may be obtained by multiple reflection methods, or by assigning unknown
amplitudes to the resultant waves travelling to the left and right at each point, and
solving the equations obtained from the superposition principle.
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Figure 5. Relation of symmetrical and asymmetrical arrangements. The distances
x, y, z are such that the transmission is a maximum in each case.
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Figure 6. Determination of optimum spacing by measuremeent of phase shift on trans-
mission. The quantity a is the change in micrometer setting with and
without the sample if the micrometer is adjusted to minimize the received
power in each case.
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x/X -2nTr- R (19)
4-n/me - s
where e, m pertain to the lossless dielectric separating the two media, and p, RI are
the phase shifts associated with the internal reflections p, R (see Fig. 5). The state-
ment (xi) is evident from (19).
In certain cases it is necessary to find the optimum spacing of two lossless
dielectric media experimentally. Such a determination can be carried out by measuring
transmission versus separation, of course, but this method is not particularly con-
venient. Alternatively, one could measure the phase shifts p R and use Eq. (19); but
this method too is unsatisfactory in many cases, on account of its inaccuracy. The phase
shift for transmission, on the other hand, can be measured with high precision in free
space, and the procedure is convenient. For this reason the following result is sometimes
useful:
xii. In a lossless dielectric medium of the type shown in
Fig. 2, suppose the functtons e(x) and m(x) are sym-
metrical (see Fig. 5). If A is the change in microm-
eter setting produced b insertion of the medium in the
equipment there shown, then the optimum spacing for two
such media at normal incidence is given exactly by the
relation
optimum distance between centers = (2n+l)X/4- a
and with this spacing the over-all transmission will be
100 per cent.
It is assumed that the apparatus of Fig. 6 measures the phase shift t without
error, so that we have
A = (X/2) (t * n) - d
where d is the over-all thickness of the dielectric medium. The result then follows from
(19) when combined with the relation
t' - r = /2 + nn (20)
which in turn is valid for any lossles medium. To prove (20), one may use the method of
induction in much the same way as for (x); or one may note that the maximum reflection of
a lossless medium backed by a short circuit cannot exceed unity; or one may observe that
the maximum transmission of two identical lossless media is unity, and hence that,by
conservation of energy, the reflection must be zero,
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